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ABSTRACT

After a brief review of the inviscid nonequilibrium flow equations in
general and of the derivation of the linear nonequilibrium flow equations,
the supersonic small-perturbation flow field past an arbitrary boundary is
found, by the Laplace transformation, at the vicinity of the initial out-
going frozen Mach line, the vicinity of the boundary, and far downstream
of the initial outgoing frozen Mach line. Closed-form solutions are
obtained and the general results are applied to compute the geometry of
a boundary having constant pressure and the flow at the surface of a
biconvex alrfoll. A method of extending the results to the entire flow
field 1s indlcated.
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LINEARIZED SUPERSONIC NONEQUILIBRIUM FIOW PAST AN
ARBITRARY BOUNDARY™

By James J. Der
SUMMARY

After a brief review of the inviscid nonequilibrium flow equations
in general and of the derivation of the linear nonequilibrium flow
equations, the supersonic small perturbation flow field past an arbitrary
boundary is found, by the Laplace transform method, at the vicinity of
the initial outgoing frozen Mach line, the vicinity of the boundary, and
far downstream of the initial frozen Mach line.

It is found that all flow quantities at the initial outgoing frozen
Mach line decay exponentially with distance above the boundary and that
their streamwise derivatives decay more slowly. The flow field far down-
stream of the initial frozen Mach line is found to be essentially that at
equilibrium.

Analytical solutions are obtained for the flow quantities in the
vicinity of the boundary for two types of boundary conditions: (a) pre-
scribed boundary geometry and (b) prescribed pressure distribution on the
boundary. These general closed form relations are applied to obtain:

(a) the geometry of the boundary when the pressure thereon is constant
and (b) the flow conditions at the surface of a biconvex airfoil. A
method of extending the results to the entire flow field is indicated.

INTRODUCTION

In the classical treatment of gasdynamic problems, it is usually
assumed that the flow medium is in thermodynamic and chemical equilibrium.
This is a valid assumption only if the relaxation lengths are small.
Various authors (refs.l.through 5) have recently investigated the flow of
gases when the flow field is out of equilibrium. The aim of the present

*This work arose out of the author's participation in a graduate
research seminar in the Department of Aeronautical Engineering, Stanford
University. The seminar is being conducted as part of a research program
supported by a grant to Stanford University from the National Science
Foundation.




work is to study the effects of nonequilibrium on some simple flow
fields, namely, those where the governing equations can be linearized.

The linearized nonequilibrium flow equation has been derived by,
among others, Vincenti (ref. 1), Clarke (ref. 2), and Moore and Gibson
(ref. 3). Vincenti solved for the entire flow field over a wavy wall
for the complete speed range from subsonic through supersonic. Clarke N
studied the supersonic flow past a corner; by means of the Laplace trans-
formation, Clarke determined the flow on the wall and in the vieinity of
the initiael outgoing equilibrium Mach line.

In the present work a somewhat more genersl type of linearized non-
equilibrium flow field is studied. The boundary conditlon is generalized
as compared with that of Clarke by allowing the boundary to be arbitrary
to a certain extent. Both the dlrect problem (boundary geometry prescribed)
and the inverse problem (flow conditions on the boundary prescribed) are
treated. The flow quantities and thelr derivetlves in various regions
are obtained; the flow conditions in the vicinity of the initial outgoing
frozen Mach line, in the vicinity of the wall, and at large distance
downstream of the initial cutgoing frozen Mach line are thus determined.

U\

The author is indebted to Dr. Max. A. Heaslet of the Am=s Research
Center and Professor Walter G. Vincenti of Stanford Uaniversity for their
valuable advice, criticism, and encouragement during the course of the .
research.

PRINCIPAL SYMBOLS
Mo - 1
MpZ - 1
Ze free-stream sonic speed in the equilibrium condition
af free~stream sonic speed in the frozen condition
A constant of integration (with respect to n; eg. (19))

c Clarke's function, defined by equation (32)

(a - 1)(a + 3)
8

(a = 1)(3a + 1)
8

T any flow quantity
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function defined by equation (35)
specific enthalpy

Uh
Toooopoo

hpoo + hqooqepoo

characteristic geometrical length

L

X

free-stream Mach number (frozen or equilibrium)

pressure

nonequilibrium paramester

nonequilibrium parameter associated with the ith mode
(molecular vibrational energies, degrees of dissociation,
and degrees of ionization)

Laplace transformation variable

specifiic entropy

time; also, dummy variable

velocities in the x,y directions

free~stream velocity

Cartesian coordinates; x parallel to the free stream

normalized Cartesian coordinates: x _E_

1l
Wi
e
il

+ +
x' - ay

M2 -1

semicharacteristic coordinatess: & x+ - y+, n=E y+

I

slope of the boundary

density of the fluid



a ars

1+ s
0} perturbation velocity potential
¥ function defined by equation (33)
w rates of change of ¢q

Subscripts
o) guantity at the origin; alsoc, characteristic constants
e equilibrium quantity
b frozen quantity
i assoclated with the ith mode of nonequilibrium; also, coeffi-
cients of the ith term in the serles of equation (29)
o free-stream quantity
Superscripts

! perturbation quantity
+ normalized quantity in the x+,y+ coordinates
- normalized quantity in the £,n coordinates
- Laplace transform quantity

RESUME OF THE LINEARIZED EQUATIONS FOR NONEQUILIBRIUM FLOW

The equations for the noneguilibrium flow of gases, both in the
complete and in the linearized forms, have been introduced by varilous
authors (refs. 1 through 5). These governing equations and their linear-
izations will be reviewed briefly in this section.

Consider the flow of a medium with negligible transport properties
(nonviscous, nonconducting, nonradiating) and in the absence of field
(or body) forces (e.g., gravitational and electromagnetic). The
conservations of mass, momsntum, and energy yield

O e



D
Mass =L L pdivV=0 (1)
Dt
oV 1
Momentum — +=-grad p =0 (1v)
Dt o)
Ih 1 Dp
En 2 _=22P=o 1
erey o T 5 Dt (1e)

where p, V, p, and h are the density, velocity, pressure, and enthalpy
of the fluild, and D/Dt denotes the Eulerian differential operator
[(o/3t) + V - grad].

These equations are, of course, the same in the equilibrium, frozen,
or the in-between noasquilibrium flow since the conservation principles
are not directly dependent on the thermodynamic state of the flow media.

To relate h to p and p, which 1s necessary since we have so far
one dependent variable more than the number of equations, we introduce the
equation of state in the form

State h = h(P, Ps Q3s Gor = = »» qn) (14)

where q,, 4y, « » +, 9 are the molecular vibrational energies and
degrees of dissociations and ionizations of the constituents of the medium.

Sometimes the state equation is expressed by a set of two equations,
such as

h

h(P) Ty Q5 Qs =+ = qn)

T = T(p, P, Qs Goy = ¢ s n)

The first one of the set is commonly called the caloric equation of state,
and the second one the thermal equation of state. This manner of express-
ing the thermodynamic state of the medium is a convenient one when certain
idealizations, such as the perfect gas and the Lighthill gas® assumptions,
are introduced which require the intermsdiate introduction of temperature.
The more compact form of equation (1d) will be adopted here.

Now, along with the introduction of one additional egquation (1d), n
dependent variables Q9 4y -+ -5 dpn have been introduced. Obviously
more equations are reguired. These are provided by the rate equations

lLighthill proposed to approximate the state equation for air by
an expression of the form q2/(1 - q) = (pd/p)exp(-Td/T), where q is
the degree of dissociation, and oF] and Td are constants.



Dq. .
Rate —bgt%-:wi(P;p;q Q.:"'an) i=1,2, .. ., n

1’ e (1e)

Equations (la) through (le), then, are the complete flow equations
which, together with the appropriate boundary and initial conditions,
determine the flow field.

Let us compare equations (1) with the limiting cases, equilibrium and
frozen. In the equilibrium limit we assume there exists an equilibrium
valus deq for each q; for the local valuss of p and p3; then we have

ey = qei(p,p), and equation (1d) can be rewritten as

h

1l

hlp, 0y ae, (5 )y ae (s 0)s v vy g (25 )]

]

he(p, p)

whereas in the frozen limit (no reaction), in/Dt = 0, or q; = constant,
and equation (1d) can be rewritten as

|t}

h = h(p, o, g, = constant, g, = constant, . . ., g, = constant)

he(p, p)

Thus in the limiting cases of frozen and equilibrium, the equation
of state introduces no new variable; consequently equations (la) through
(ld) constitute a complete set of flow equations.

In the case of a perfect gas qi = qi(P: p) = constant; hence a flow
field of perfect gas is in both equilibrium and frozen states simultane-
ously and cannot be in a nonequilibrium state at any time.

Instead of studying equations (l) in thelr full forms, we study a
much simpler problem, one where the entire flow field perturbs only
slightly from a reference, undisturbed, uniform flow. For such a case
the flow equations can be linearized. The problems stuiied will be
limited to those of steady (9/dt = 0), two-dimensional planar, supersonic
(Mp > 1) flow. Also, it will be assumed that only one nonequilibrium
effect can be of importance at the same time, that is, n = 1, or
h = h(p, 0, q).

Let u and v denote the velocities in the Cartesian coordinates x
and y, respectively. The undisturbed velocity U, can be chosen to be
in the x direction. The linearization of equations (1) can be done by,
first, expanding the flow quantities (dependent variables) in an asymptotic
series, that is, taking the first two terms,

T ~fo+ ', £ <<f, (2)

\J A\ e



AT s W] PN S

and, second, substituting equations (2) into equations (1) and solving
for the first order perturbation quantities. Here f is any flow
quantity, the subscript o denotes undisturbed stream value, and the
prime indicates the first-order perturbation value. In the form of

equations (2), the depsndent variables are
\

V= (Uo, 0) + (u', v')

P =P, +p'

p=p +p ? (3)
h=h, + k!

Q= gy + g’ )

The operator D/Dt can be immediately simplified as

D o
—:Uoo_._
Dt ox

We now substitute equations (3) into equations (1), considering the
simple ones first. Integrating equation (lc) and noting h' and p' are
zero initially gives

ooh! = p' (%)
Equation (1b) in expanded form is
du! op!
p U, — +=-=20 5a.)
3% ox (
Sv! a 1
p U v + L 0 (5b)

®® 3k oy

Integrating equation (5a) gives, noting u' is also zero initially,
p' = pmpxp, (63)

while equations (5b) ani (6a) give

ov! _ou' _ g (6b)

Hence, from squations (1b) and (lc) it can be concluded that



(a) The perturbation pressure, enthalpy, and x velocity are
proporticonal to each other.

(b) The flow field is irrotational.

These conclusions are the same regardless of whether the flow is in the
frozen, equilibrium, or nonequilibrium state, as long as the disturbances
are small.

The remaining equations (mass, state, rate) can be made to yield a
relation describing the flow field in terms of the velocities. Since
this has already been done in reference 1, the derivation of this relation
will not be repeated here. Essentially, equations (la), (lc), and (14)
are combined, eliminating all variables except the perturbation velocities,
which can be put in terms of a perturbation velocity potential (since the
flow is irrotational). The resulting equation is

K(BfZCPXX = q)yy)x + Be2cpxx - pry =0 (7)

where K = hpafaﬂg/(hpw + hqmqu)’ a parameter proportional to the

relaxation length (1. U,) in the undisturbed stream, r,, usually called
the relaxstion time, is defined by equation (8) later; x and y are the
streamwise and normal coordinates; @ 1is the perturbation velocity
potential, defined by the relations ®x = u' and @y =v'; By and B, are
defined by the expressions B2 = Mr2 - 1 and Be® = M® - 1; and Mp and
Me are the undisturbed stream Mach numbers based on the frozen and
equilibrium sonic speeds (Mp = Uwo/af, Me = Uw/ae), respectively. The
sonic speeds are defined as

.
Frozen afz = 92)
BD S,q
Equilibrium  ag2 = [@E)s]
P la=q,

S being the entropy of the fluid.

The term T,U, comes from the linearization of the rate eguation
(ref. 1, p. 486) which is, to the first order

a 1 qel - q!
Upp == = (8)
ox Too
Note that gq.' is the fictitious value of ¢' if q' 1s in equilibrium

with the local »' and p'.

AR I SN ¢
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From equation (8) it is apparent that when 71U, is infinite the
rate of change of q 1s zero and q' +takes a constant value; this is
the frozen case. If T,U, 1s zero, q' must equal q.' 1in order for
the rate of change of q to be finite, as it is known to be from
classical gasdynamics - that is, q' must take the equilibrium value;
this is the equilibrium case.

That the relaxation length plays an important role in determining
the nonequilibrium effects is obvious and can be verified in observing
the term containing K in equation (7). If K = 0, equation (7) reduces
to the well-known Prandtl-Glauert linear eguation, with the Mach number
parameter B = Be. On the other hand, if K - «, the first term dominates,
or

2
(Bf Cpxx - (pyy)x = 0
Integrating this equation once gives
BrP0xx - Pyy = Ay)

But A(y) must be zero since it must satisfy all values of x including
where ths uniform stream is not disturbed. Hence, here equation (7)
reduces to the classical Prandtl-Glauert equation again, this time with
the Mach number parameter § = Bp.

We complete this section of linearized equations by considering the
relations of p!' and ¢'. Th2 value of p' can be related to the velocity
by the mass equation (la), which is, in the expanded form

op! <§u' &H)
Uoo — poo —_ t = =0 (9)
Ox 3x oy
or
et w1 oo (9a)
P U, Uy oy

The value of q' can be obtained from

¢ = @mpv s <—§—§>mp' 4 @%)mh' (10)

where p', p', and h' are in turn related to the velocities by equations

(4), (6a), and (9a)-
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THE TRANSFORMED EQUATION AND ITS SOLUTIONS

Equation (7) can be solved as follows:

(a) Normalize the equation (eq. (7)).

(b) Transform the equation from (a) by coordinate transformation.
(c) Transform the equation from (b) by the Laplace transformation.
(d) Solve the equation from (c¢) and invert.

It should be noted that steps (a) and (b) are purely for derivational
simplicities, and the use of the Laplace transformation is, of course, only
one of the various methods one can use to solve a linear hyparbolic partial
differential equation.

The problem to be studied can be stated in mathematical terms as
feollows:

Let the uniform flow region (fig. 1) be on the left of the origin
(x < 0). TLet 6(x) denote the slope of the boundary, which is to be at
y = 0.2 The tangency condition, which gives 6 = v'U,, requires 8 to
be zero for x < 0. For x>0, 8 is arbitrary but is assumed to be
continuous. The corner (x = 0, y = 0) can be either sharp (6(0) # 0) or
smooth (6(0) = 0). In supersonic flow it would be sufficient to study
only the upper plane, or y > 0. Finally, the boundary condition on
the plane y = O can be one of the following quantities

(a) o(x) , or v'(x, 0)

(b) u'(x, 0) g P,(x; 0) » or h'(x: 0)

(C) uy'(x) O)

(a) vy'(x, 0)

etc.
When a boundary condition of the type (a) is prescribed, it is

usually called the direct problem, whereas when one of the other types is
prescribed, it is usually called the inverse problem. In the present work,

both the direct problem (type (a) boundary coniition prescribed) and an
inverse problem (type (b) boundary condition prescribed) are treated.

2Within ths accuracy of the linearized theory, the boundary condition
can be specified on y = 0 rather than on the actual bounlary itself.

Ul e
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The boundary conditions can be summarized as

6] x <0
cp={
finite X = o, y oo

VY
UL 6(x) n

i
O

With the introduction of the new variables ¢+, x+, y+, and a,
defined by the relations

O =UKP , x=Kxg", y=(&Bely", a=p/Bs"

equation (7) becomes

($;+X+ - CP;+y+)X+ + acP;:+X+ - @;+y+ =0 (11)
Thus the flow equation can be normalized into an equation containing a
single parameter a, although in general the boundary conditions may
introduce more parameters, such as a characteristic gecmetrical length
(e.g., the chord length of an airfoil). Note that, since ay is always
greater than ae (ref. 4, p. 15), a is always greater than unity.

The dimensionless coordinates x7 and y+ are now in terms of numbers
of relaxation lengths instead of physical lengths. If the characteristic
geometrical length 1s large compared with the relaxation length, the fluid
particles at any point (x%, y*) in the flow field, except in the neighbor-
hood of the origin, have traveled a distance of a large number of relaxa-
tion lengths and hence have essentially arrived at the equilibrium
condition; this is formally equivalent to the case where ths relaxation
length (and hence K) is small. On the other hand, if the characteristic
geometrical length is small compared with the relaxation length, the fluid
particles in the vicinity3 of the boundary have traveled a distance small
compared with the relaxation length; thus the flow field in this vicinity
is essentially at the frozen condition. This 1s formally equivalent to
the case where the relaxation length is large. Thus in the cases whare
there exists a geometrical characteristic length, the flow field in ths
region of interest is in the equilibrium, nonequilibrium, or frozen
condition depending on whether 1 (= L/K, denoting L +the geomatrical
characteristic length) is ®, finite, or O, respectively. On the other
hand, in the cases where there 1s no characteristic geometrical length,
all three conditions (equilibrium, nonequilibrium, and frozen) exist;

SEven when the characteristic geometrical length 1s small, the flow
field at large y Dbehaves like that at equilibrium, and in some cases
(e.g., an airfoil where 6 = constant for x greater than the chord
length) the flow field behaves like that at equilibrium at large x.
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the frozen condition exists near the corner (x% = o, y+ = 0), the non-
equilibrium condition exists at finite positive xt and y*, and the
equilibrium condition occurs at xt = «© and yt - .

Now transform equation (11) by the change of indepsndent variables
¢ =xt -yt n=yt. This is not an absolutely necessary step, but it
simplifies the analysis. It is easy to see that the disturbances (from
the wall) cannot affect the flow field ahead of the frozen Mach line N
originating at the corner (x+ = 0, yt = 0); that is, the disturbances
(@+, u+, v+, and their derivatives) are zero in front of the first frozen
Mach line (x* - y* = 0). It is convenient, therefore, to refer to a
location in the flow field by its distance (x' - y*) downstream from the
initial frozen Mach line, and its distance (y+) above the wall. Other
coordinate systems with a different choice for the second coordinate,
such as x* - y* and xt + y*, can be also used; but for the types of
problems we are considering, single wall with outgoing wave (of disturb-
ances), this choice of & = x¥ - y" and n = y* 1is simpler.

A

Applying the foregoing coordinate transformation, noting O/dx' = 3/o¢
and 5/§y+ = J/dn - 3/3k, and denoting f£(&,n) = £H(x", yt) converts
equation (11) to

2nge = Prgg + (2 - 1) Py ¥ Bop, - By = 0 (12)
The boundary conditions are now !
. 0 E<0 (13a)
8-
finite 7> o (13b)
and
P - P =06(8) =0 (1%4)

Equation (14) is the flow tangency condition at the wall. Again,
remember that it need not be always that ths boundary slops, 9, is
prescribed. In the inverse problem, some other flow quantity (ﬁ, Gq,
etc.) on the boundary can be prescribed and ths rest of the flow gquantities
(incluiing 6) are to be determin=d. Nevertheless, the tangency conlition
(eq. (14)) still holds regardless of whether & 1is a known or an unknown
function in s problem. For later interpretation of the results, it is
necessary to know the normalized quantities, f(g,n), in terms of the
physical quantities, f(x,y); they are related as follows:
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§ = o/UK )
= (u- Ux)/Us
¥ = v/Us
5= ofeg > (15)
B =p"/oclos” = (P - Poo)/Podlis”
p=0"/p, = (p - p,)/ 0,
0= 3a"/90 = (2 - a,)/e,

J

We now solve equation (12) by means of the Iaplace transformation
(with respect to E). This is the same general approach used by Clarke
in solving the flow past a straight corner. The present work considers
a somewhat more general type of boundary condition since the shape of the
wall can be arbitrary, so long as it is smooth, By means of the Laplace
transformation, the partial differential equation (12) is transformed into
an ordinary differential equation, the solution of which gives the results
in terms of the transformed variables. The inversion of these transformed
solutions gives the desired results in physical terms. As will be seen
later, the last step is the most difficult.

The Ilaplace transform of a function f(g,q) with respect to & 1is
defined as

LIF(E,m)] = T(s,m) Efwe@(-se)f‘(é,n)dé

o]

where [, and the bar denote the Laplace transform.

Only a few identities and theorems of the laplace transformation will
be used in this paper. For later reference they are listed in the follow-
ing:

n-1i )
an ~ _ n= N R
b [SEE f(é,”)] = s°1(s,n) -;zésn 1=J v £(0,n) (162)
an = _.a_.r}. I s 6
L [-a—nﬁ (2, | o5 T (160)
1. — - . . £ .
L "[sf1(s)fa(s)] = £1(0)F2(8) +k/p fir(t)fa(E - t)at (16c)

0
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£(0,n) = limsf(s,n) (16a)
S —» 00

1im £(&,n) = limsf(s,q) (16e)
£—>o0 s—=+ 0

Applying the Laplace transformation to equation (12), using the
identities (16a) and (16b) ani part of the boundary condition eguation

(13), we obtain

- gs@n <§___%> = -(1 + s)-l-{[z g% + (a - l)} $¢(0,n)

_{jfi - 2(1 + s) é% + (a - l)SJ @(O,ﬂ{}

dn?
(17)
Setting the right-hand side of equation (17) zero gives
-cb.nn = 25—@7} - [(a = l)/(l + S)]S% =0 (18)

This last assumption is valid if it can be shown that equation (18)
yields a solution such that when it is substituted into the right-~hand
side of equation (17) the latter expression vanishes. Iater, we shall
see that solution of equation (18) gives (egs. (24) and (25))

)

Hence, the right-hand side of equation (17) does indeed vanish.

5(O;n) =0

55(0;n)

The general solutlon of equation (18) is of the form (dencting
= [(a +8)/(1 + 8)]¥?3)

® = A(s)exp[-sn(o - 1)] + B(s)explsn(o - 1)] (19)

where A and B are functions of s to be determined from the remaining
boundary conditions.

Since a 1is always greater than unity, o - 1 1s always positive.
On the upper plane (q > 0), the second term grows unbound with 1 unless
B is zero. Since ¢ (hence §) is finite at 1 = o, B(s) must be zero.
The wall tangency condition (eq. (14)), in transformed terms, is

AR ) R
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$n - 5P + $(0,n) =6 at n=0

This wall tangency condition determines A(s) in terms of 6(s), resulting
in an expression for @ in terms of 9(s); we thus cbtain finally

P(s,n) = -s"60 Yexp[-sn(o - 1)] (20)

This 1s the general solution, in terms of Laplace transforms, of the
problem stated at the beginning of this section. The inversion of this
expression yields the solution in the physical terms. Unfortunately, the
inversion of equation (20) is rather difficult in general.

For s~ 0, s o, or § > 0, the right-hand side of equation (20)
can be simplified considerably, resulting in expressions that can be
inverted either directly, with the aid of equations (16c), (163d), aund
(16e), or with the aid of inversion tebles (ref. 6). In the physical
plane, s = O corresponds to £ = w, and s = «» corresponds to & - O,
Thus, we can readily obtain the solution in physical terms in the vicinity
of the wall (n = 0), in the vicinity of the initial frozen Mach line
(¢~ 0) and at large distances downstream of the initial frozen Mach line
(¢ > «). This will be shown in detail in the following sections.

VICINITY OF THE INITIAL FROZEN MACH LINE

To determine the flow field in the vicinity of the initial frozen
Mach line we compute 5, ﬁ, v and their £ derivatives (first order or
higher) at & = 0. This can be done by expanding the expressions for the
Laplace transforms of @, 4 = ¢;+ =9, v=0 =3y - §,, and their ¢
derivatives individually for large s, then applying the theorem of
equation (16d). It will be sufficient to show the actual derivations
for ¢(0,1), 1(0,n), and Ug(0,n) since the higher ¢ derivatives of
and the similar expressions for ¥ are obtained in exactly the sams
manner .

In the vicinity of the corner (& = 0) the boundary slope can be
expanded into the form

- ~ 1 ~y.2
. {jeo t 68+ 3 "% + . . . £>0
g ~
0 E<O0
or
T o~ 5 -1 5 -2 A 1,-3
8 ~ 8,57t +6,'s7% + 8 "sT%+ . L, (21)
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At large s, o(s) and o"%(s) can be expanded as
- Ds"2 + 0(s7®) (22)
o~ ~ 1 ~ —5= s™t + Bs72 + 0(s79) (23)

where D= (a - 1)(a + 3)/8, E= (a - 1)(3a + 1)/8.

Substituting equations (21), (22), and (23) for 8, o, and o-1 into
equation (20) and applying the theorem of equation {16e) gives

$(o,m) =0 (24)

Substituting these same expanded quantities into u = s@ - ﬁ(o,n) and
applying again the theorem of equation (164) gives

u(o,n) = 5oexp<-a 5 = n> (25)

The same operation (asymptotic inversion) on (Ug) = % - s§(0,n) - 1u(0,n)
yvields

S0, = -(B0r - 252 8+ pr)em 222 1) (26)

Equations (24) and (25) confirm the assumptions needed to obtain equation
(18) of the previous section.

One can in the same manner invert the Laplace transform of higher
£ derivatives of u and the £ derivatives of v. In summary we obtain

“ﬁ(o;ﬂ) ~ -
ol 8o xp <— 3 = n> (27)
V{0,
-%.(0,m) (e'-a'le +D9q>
£ o) 5 o o a -1 )
= 7 ) exp (- =—5— (28)
Fe(0,m | | (80" + DoGm) °

or, in general,

J U
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n
n . -
S @or®| =) epntem (- 252 ) (29)
Ot 2
§=O i=o

where the ¢y are constants depending on i. Thus U and v and their

£ derivatives (to all orders) vanish at large 7 1in the vicinity of the
initial frozen Mach line. This is expescted since at large 7 the flow
field is essentially at the equilibrium condition, and all disturbances
should approach zero in front of the neighborhood of the initial equilib-
rium Mach line, which is at & = (Ja - 1)7.

The flow field in the vicinity of the frozen Mach line can be
described in general by the expression (f = U or V)

£(&,n) = £(0,n) + £e(0,m)E + . . . (30)
where f, fg, and so forth are obtalned in the manner shown above.

It should be noted that neither the classical (equilibrium or frozen)
nor the present nonequilibrium linear theory is accurate at large distances
from the wall because, owing to cumulative second order effects, the
linear theory is not uniformly correct at large 1. The present section,
however, shows the essential effects of nonequilibrium in the linear
theory, without taking into account the nonlinearity. In order to obtain
results that are uniformly valid for all 1, nonlinear effects would have
to be taken into account at least approximately.

FLOW FIELD IN THE VICINITY OF THE WALL

To determine the flow field in the vicinity of the wall, we compute
the flow quantities and their 17 derivatives at 1 = 0. _Then, letting
f denote any flow quantity in the vicinity of the wall, £ is given by
the series f(&,n) = £(¢,0) + fn(E,O) + .+ . «. . The quantities £(§,0),
£n(€,0), . . . can be obtained by inverting T(s,0), f(s,0), .« . ., etc.
Consider U, v, their first & derivatives, and 6, as examples.
The Iaplace transforms of these quantities at 71 = 0 are given by the
relations deduced from equation (20) as:

u(s,0) = -6g~1 (31a)
V(S)O) =9 (31b)
Ty(s,0) = s6(1 - o-1) (31c)

Vn(s,o) = -s0(g - 1) (314)
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For the direct problem we can invert equations (31) in their present
forms and obtain u, v, etc., in terms of 6 and for the inverse problem
we can rewrite equation (31a) with & in terms of U, then invert and
obtain & 1in terms of (£,0).

The inversion of o and ¢~* can be obtained from an inverse transform
table (e.g., ref. 6), and the inverse transform of & is simply & by
definition. The expressions of equations (31), however, contain products
of two functions of s (except eq. (31b)). To invert this type of expres-
sion, one can apply equation (16c), the theorem for inversion of products.

In the direct problem for U, let_ 3 = & or f1 = 8, then T, is
identified as s”%o"*. The quantity f, 1is obtained by inverting
s~lo"l. The inversion of s”1o™! and s~1¢ (for later use) can be done

in the following manner. From reference 6, page 235, we obtain
1/2
bts / = c-b %)
c + s 2
+ b\jﬁ exp <j ~—§r > Is = é) dw

where I, 1s the zeroth-order modified Bessel function of the first
kind. The above relation can be used to evaluate the inverse of s~ig=1
and s~ 1g

Lo

(858) = L (5720 = ep (- 222 ¢) 1, (221 )

£
_,_f exp <_ 3_12"._1 w) I, <9-—é——l >dw (32)

V(&a) = L7 (s70) = exp <’ - 5 €> Io G‘;*a §>
: 1+ s 1 - a
vafhen (13205, (br2 ) w -

@)

One can easily verify that

V(E;a) = c(at;al
Thus U in terms of 8 1is
£
U(E,0) = -8(0)c(E) f 8'(t)e(t - t)at (3ka)

o

\J g
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Equation (31b) gives immsdiately
v(g,0) = B(¢) (34p)

For Gn(g,o), note that, from equation (31c), ﬁn(s,O) = 50 - s60"T; the
inverse transform of the first term gives g', and the inverse transform
of the second term gives ug(§,0). Thus Uy(,0) is

un(&,0) = 8'(8) + Ug(,0) (3he)

For vy(£,0), note that (eq. (31d)) ¥.(s,0) = s - s60. Again, the
), and the inverse trans-

inverse transform of the first term gives &'(¢
g(t) is defined as

form of the second term gives g'(&), where

- £,
g(&) = 8(0)v(¢E) -k/n o' (t)v(e - t)at (35)
Thus Gn(g,o) is ©
v (£,0) = 8'(8) - g'(e) (3ka)

3
Note that S = -y - szkjp (;ﬂ - ;g)dﬁ, the density is therefore
o)

6(&,0) = -u(&,0) + Bs2a(E) (3he)
For the inverse problem we rewrite equation (3la) as
B(s) = -u(s,0)a(s)

and apply equation (16d), teking f; to be u(£,0) or Fy = u(s,0) (in
which case f» is identified as s~%g), and cbtain

. 3
B(e) = -5(0,0)w(8) f S (6,009(E - t)at (36)

(¢

It is interesting to note that, while in the classical linear theory
U(€,0) ~ ¥(&,0), in the nonequilibrium linear theory the same result does
not hold; that is, the reciprocal theorem in classical linear theory,

Frozen u(t,0) - v(&,0) 0

Equilibrium  .fa w(t,0) - ¥(&,0) = 0

i1s no longer valid. On the other hand, noting that I, 1is an even func-
tion, one can see that
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£
c~-¥=(1- a)k/n exp <} & g 1 é) Io <% ; 1 Q) dw
o)

Hence ¢ =y when a =1, and, from a comparison of equations (34) and
(35), it is apparent that when a = 1, u(&,0) - ¥(&,0) = 0. Physically,
a = 1 when the two sonic speeds (frozen and equilibrium) approach the
same value. In this case the frozen flow value is the same as the .
equilibrium flow value; hence when a = 1 the flow is always in both

frozen and equilibrium conditions, and there is no nonequilibrium effect.?

Examples

Equations (34) give the distributions of various flow quantities on
an arbitrary smooth boundary, and equation (36) gives the shape of the
boundary for an arbitrary distribution of w(&,0). We now apply these
relations to a few specific problems,

Flow past a straight corner.- This case was treated by Clarke in
reference 2, For a straight corner, 6 = constant. Ietting 55 denote
this constant, equations (34) give

a(g:o) = 'éoc(g)
v(E,0) = &,
un(€,0) = ~Foe'(t)

Gn(g,o) = -8, ¥' (&)

Thus c(&) can be interpreted as the response of U(§,0) per unit negative
constant deflection angle, From these expressions the thermodynamic
properties can also be obtained. For examples, the pressure and density

are
P-p, h-h, . 65 <%>
= = _u B —— C —
pooUoo2 u 2 8 I K

o0

P = B, ~ 95 X X
23 Q) 1)

The discussions on these results will not be elaborated since they
were already treated in reference 2. The functions c(t) and ¥(t) are
not common taeble functions. For the bresent paper they are computed by

~ *This can also be verified from the original differential equation.
Integrating equation (11) once gives, for a = 1,

+ + + +
0 - =y )exp(-x™)
syt vyt

since f(y*) must satisfy all values of xt, and $;+X+ and ®;+y+ are
zero for xt < 0, f(y*) must be zero.

VA >
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means of the IBM 70k digital computer of the Ames Research Center. These
functions are tabulated in tables I and II and plotted in figure 2 versus
x for a = 2 and a range of values of K.

As one can see from the tables, ¢ approaches \/1/a while approaches
Na as & approaches o, With some simple computations it is easy to verify
that (p - pm)/pap&? and (p - Pw)/Po approach the equilibrium values at
£ = o, which confirm our earlier physical deduction. More considerations
on the flow field at £ = o will be treated in the next section.

Wall with a constant pressure.~ In classical gasdynamics, a constant
pressure on the boundary past the corner is associated with a boundary of
constant deflection angle. This is not the case when the flow is out of
equilibrium.

5 Letting ﬁo denote the constant pressure, equation (36) gives (noting
P ==u

5(¢) = pv(e)

or, in terms of physical values,

P-D b'd
L= ey X (37)
Bf pcoUoo K
The integration of 6 from equation (37) gives the shape of the boundary
as
b-D x/K
y = Kpr —;"f ¥(t)at (38)
PV ©

The value of y/[Kpe(p - p,)/P.U,2] has been computed by integrating
V(&) numerically, and the result is presented in figure 3. At the vicinity
of the corner, that is, for small X/K, the fluild has little chance to
adjust its flow properties to conform with the new environment (pressure
rise); consequently, the boundary starts out following essentially the
boundary of the frozen case. As the fluid flows downstream, its flow
properties tend toward equilibrium. Thus the initial boundary slope takes
the frozen value, and the boundary becomes parallel to the equilibrium
case far downstream.

Flow past a class of walls with varying slope.- Consider now, as the

last example of this section, a class of boundaries whose shapes are
defined by the relation

= 8,01 - (n+1)(&/1)"]

or

x . (n+ L)n A\
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From equation (3k4a) we obtain the velocity O on the wall as

2 -1
u(E,0) = -8oc(t) + [Bo(n + 1)n/l]f (t/1)" Te(e - t)at (39)
o]

The pressure on the boundaries is, since P = -u

o x/K
Sllg.ﬁ?.;eif_f - c@ - (-E—Eﬁ}&f tn_lc@ - >dt (o)
oo~ YO

The density on the wall is, noting

£
g(e) = BoV(E) + [Boln + 1)n/z1f (/1) (e - t)at
[0}

U A

and §(&,0) = -U(£,0) + BeZg(E) (eq. (3ke))
P -0 Br  [x 2 %)
T 6y @ a6
X/K
n+ 1 n-1 X .
e I RRSICED) B

If we restrict & to 0 < €< 1, and let n =1 equation (40) gives
the pressure distribution on a biconvex airfoil (L being the chord length)

_ B \, N X/K
p Ii‘g_g =c®—?:§\/\ C@—t) dt (b—g)
P _Us o L o)

[y

We can compare the pressure distribution from equation (40) with the
results from the classical linear theory, which gives the well-known

results
L - Poo Bf < X>
Frozen - X = = - = e
pooUoc2 9'0 L ( 3 )
P -p, B
Equilibrivum ————32 LN V) 2< - 5) (43b)
pooux) 90 L

The expression for pressure from equation (42) has been computed
numerically; the result for & = 2 is presented in figure 4. When the
chord length is very small compsred with the relaxation length (L/K < 1),
again the fluid pressure in the flow field of interest (O < x/L < 1) has .
no time to adjust itself to the eguilibrium value and stays relatively
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close to the frozen value. As the chord length becomss longer (say

L/K = 1.0), the fluid pressure begins to take on values closer to equilib-
rium. For very large chord length, the fluid pressure, after taking on
the frozen value at the leading edge, drops rapidly to a variation very
close to that of equilibrium flow. At near equilibrium (L/K - ) the
fluid pressure drops immediately to the equilibrium value as soon as

the particle passes the leading edge.

Note also that the fluld particles always start off with the frozen
flow properties (at the leading edge) and then tend to acquire the
equilibrium values. The pressure actually overshoots the equilibrium
value after which it tends toward a variation parallel to the equilibrium
curve. As a result the pressure for the nonequilibrium cases has the

property that

(a) Free-stream bressure occurs not at the midchord but upstream
of it.

(b) The trailing-edge pressure falls between the equilibrium and
frozen values.

These two phenomena, the shift of the location of free-~stream pressure
and the variation of the pressure at the trailing edge, may be useful as
means for experimental determination of the relaxation length.

In this last connection, since the optical techniques used in high~
temperature gas-flow experiments measure the fluid density rather than
bressure, it would be interesting to see how density distribution varies.
For a biconvex airfoil, equation (41) gives the density on the wall as

- % J X/K[CG - t> + BBy <§ - QJ at (L)

This expression has been used to compute the density numerically, and the
result is presented in figure 5 for a = 2 and Bf = 3, or My = J10 = 3

and Mz = JI9 = L. That essentially the sams types of comments on the
pressure regarding the frozen, transition, and equilibrium charscteristics
can be applied here is apparent.

FIOW FIELD AT LARGE ¢

Consider now the flow field at large £, which has already been
discussed to some extent previously. Since ¢ - corresponds to s = 0,

we study the Laplace transforms of the flow quantities at s = O. Consider,
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for example, the laplace transform of ¥(&,7), which is, by operating
(0/om) -(0/3t) on § from equation (20),

¥(s,n) = 8(s)expl-sn(o - 1)]
As s becomes small, 0 J&, and ¥ approaches
¥(s,n) ~ 6(s)expl-sn(y& - 1)] (Ls)

To interpret this we introduce one more theorem: the shifting
theorem, which states

f(s)exp(-bs) =L[F(t = b)] (46)

Applying equation (46) to the right-hand side of equation (45) gives,
identifying n(Ja - 1) as b,

L[¥(&,m)]~LI6(E -yan+ )]
=L[8(x" - Ja y7)]
or
v(&,m) ~ 8(x" - & y*)

One can verify that xV - & y+ = constant are the equilibrium Mach lines.
Consequently, at large ¢ the velocity ¢ 1is constant along the equilib-
rium Mach lines. Another simple computation will verify that, denoting

a=xt - J& y*,
8(g,m) ~a 28(a)  at £ o

Therefore at large distances downstream of the initial frozen Mach
line the velocities {, ¥ (and hence all othsr flow gquantities) are only
functions of «. BSince at large ¢ the flow quantities take essentially
the equilibrium valuss at thz wall, we arrive at the expected result:
at large £ the flow quantities take essentially the equilibriun valu=s
2verywhsre and are constant along the eguilibrium Mach lines; thus at large
€ the flow approaches the equilibrium limiting case.

The above conclusion is valid when there is no characteristic
geometrical length in the problem. When such a length exists, this
result must be interpreted with care.

Note that £ = (x/K) - (yBr/K) can be written as & = 1E*, where
E* 1is defined as £*= (x - yBr)/L, (recall 1 =1L/K and L is the
characteristic gecmetricsal length)f

Thus in the presence of a characteristic geomstrical length ¢ can
approach infinity by either having

JH e
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(a) 1+ o, E*¥ finite
(v) 1 finite , E¥ > o
(c) Z - oo), g* =2 o0

There is no question about the validity of cases (a) and (c¢). Case
(b) is valid too, provided the boundary condition is not the recurrent
type (such as wavy wall or a wall having an infinite number of wavelets
not necessarily of any fixed wavelength). For if the boundary condition
is such that new disturbances recur infinitely, then new disturbances can
occur in the vicinity of any point no matter how large £* is. In this
case the above result is valid only for £* so large (namely, infinity)
that it 1s probably of no practical interest.

FLOW FIELD AT FINITE €& AND 7

We have treated the flow field only at small €, small 17, and large
€. The flow field at finite £ and n has not been discussed because, as
mentioned before, the linearized theory is not accurate at large 7.
Therefore, except for £ = 0, where the decaying properties of the flow
quantities along the initial outgoing frozen Mach line is interesting,
and § = o, where the flow field behaves similar to the equilibrium case,
only the flow fileld for small 1 was discussed.

Nevertheless, for the sake of completeness, and for those who are
interested in working further on this problem (such as obtaining higher
approximations), we conclude by showing how the previous results can be
extended to 1 greater than zero.

Note that the Laplace transform of any flow property can be put into
the form (eq. (20))

?(S:n) = ?(8;0)6@[-871(0 - 1]
Equation (16c) gives
:
Be,m) = F(5,000,m) + | M6, i - 00 (u7)
[e]

where

A(g,n) = I_Tl{S'leXP[-sn(c - l)]}
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Berry and Hunter (ref. 7) obtained the inversion for A for small
(a - 1) as

Ae,m) =1 - (a - 1)n sinh nexp[-(g + n)1[1 + 0(a - 1)]

2(a - 1) % z ) (a + z8 .,
) x %Zﬂ (1 + 2z2)(1 + az®) o 1o+ 22 e g)]

exp {- 8+ 22 (n oy g)] dz (48)

1+ z=2

Thus equation (47) gives the flow field for all values of & and 7,
with £(&,0) already obtained previously, and A given by equation (48)
for small (a - 1).

Ames Research Center
National Aercnautics and Space Administration
Moffett Field, Calif., June 7, 1961
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TABLE I.- FUNCTION c(&;a) VERSUS & AND a

ENE| 1.01 1.1 2 L 6 8 10
0 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000
1} .99952 | .99526 | .95h13 | .87182| .80052 | .73857 | .68458
.2 .99909 | .99100 | .91559 | .77868 | .6Thhs| .50409 | .53129
.31 .99871| .98718| .88320| .71057| .59330| .51116 | .ks17sS
el .99835 | L9837k | 85596 | 66044 | .shoor | LLh61s2 | Lho7h3
5| 9980k | .98066 | .8330k | .62328 | .s0k25| .430ko | .38001
B .99TTH ] L9789 | .81372| .59553 | Jh7972 | Jhio2k .36398
T 29978 | L9T5E3 | LT9ThS | .5ThES | Lu6252 | 39648 | 35256
81 .99725 | .97317| .78372| .55882 | .45018 | .38679 L3451
9 L9970k | 97116 | 77213 | .5h6TL | J415| 37975 | .33862
1.0 | 99685 .96936 | .76235| .53738 | .43bkh2| ,37hkg .33420
1.2 ,99652( .96629 | 74707 | .52b46 | k2535 | .36738 | .32817
1.h] .99625 | .96381| .73612| .52643| .b1981| .36298 .32440
1.6 | .99603 | .96181| .72825| .51128 | .41627 .36013 | .32194
1.8 .99585| .96020| .72257| .50789 | .41392| .35822 | .32029
2.0 | .99570| .95890 | .71845] .50561 | .h1232| .35692 | .31916
2.2 | .99558 | .95784 | .71546| .5040L | k1120 .35500 | .31887
2.4 1 99548 .95700| .71328| .50295 | .h10k2 .35535 | .31780
2.6 | .99540 | .95632| .71169 | .50217| .k0985 .35489 [ .31739
2.8 | .99533| .95577 | .71052| .50161| .hookk .35455 | .31709
3.0 .99528 | .95532| .70966| .50120| .Lo9lk | .35430 .31688
3.5 1 99518 | .95455| .70835 | .50059 | .40869 | .35392 | .31655
h.o| .99513 954101 .70773 | .50030 | LLoBLT 3537k | .31639
b5 .99509 | .95383| .707k2| .50016 40837 .35365 | .31631
5.0 | .99507| .95368| .70727| .50008 | .40831| .35361 | .31627
5.5 ] .99506| .95359} .70719| .50004 | .40828 .35358 | .31625
6.0 | .99505 .95354| .70715| .50002| .40826| .36357 | .3162k
o .9950k | .95346 | .70T11| .50000| 40825 .35355 | .31623
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TABLE II.- FUNCTION ¥(&;a) VERSUS & AND a

o

v

1.01 1.1 2 4 6 8 10

O

- s = 8 & e & =
OV WO\ =W

.

}__I

O b b
e« ®» & s ®
O WONF IO

- - -
O WO F U

.
O\

-
O\

-

(023 W) Ul = Fw WM
o\

8

.00000 | 1.00000| 1.00000 | 1.00200 | 1.00000
LOL701 ] 1.13773( 1.22441 ] 1.30740 | 1.38703
.08851 1 1.25395] 1.40617| 1.54%728 | 1.67902
.12519 | 1.35255| 1.55529 1 1.73886| 1.90718
157611 1.43655( 1.67900 | 1.89474 | 2.09024
.18629 1 1.50842| 1.78260 | 2.02349 | 2.24009
.21168| 1.57016] 1.87006 | 2.13110 | 2.36460
23416 1.62338] 1.9L4k1 | 2.22192 | 2.46926
.00275 | 1.02730 | 1.25408 ] 1.65%940] 2.00799 | 2.29916 | 2.55803
L00295 | 1.02939 ] 1.2717h| 1.70931| 2.06262| 2.36528 | 2.63387
.00316| 1.03128 | 1.287h0 | 1.74402) 2.10979 | 2.42218 | 2.6990k

1.00000 | 1.00000
1,00048 | 1.00475
1.00091 | 1.0090k
1.00130| 1.01291
1.00165 | 1.01641
1.00197 | 1.0195%
.00225 | 1.02241
.00251 | 1.02498

O R e e e e e
DO NN

e e

.00348 | 1.03453 | 1.31363| 1.80069| 2.18616| 2.51403 | 2.80406
.00376 | 1.03717 | 1.33432] 1.84k10| 2.24417 | 2.58359 | 2.88347
,00398 ] 1.03932| 1.35067| 1.87758] 2.28865| 2.63679 | 2,94416
L00k17{ 1.04108 | 1.36361| 1.90355| 2.32301| 2.67783 | 2.99033

1.00432 | 1.04251 ] 1,37387] 1.92380) 2.34971| 2,70969 | 3.02722

b b
O

1.004u4L | 1.0L4368 | 1.38201| 1.93964| 2.37056| 2.73454% | 3.05551
1.00454 | 1.04463 | 1.38849 ] 1.95209| 2.38690| 2.75401| 3.07767
1.00L462 | 1.04540 | 1.39364 | 1.96191| 2.39976| 2.76932| 3.09509
1.00469 | 1.04603] 1.39774| 1.96966| 2.40991| 2.78140| 3.10882
1.00L7h | 1.04654 | 1.40102| 1.97579| 2.4179% | 2.7909k | 3.11968

1.00483 | 1.04745 | 1.40661| 1.98617| 2.43148 | 2.80704 | 3.13799
1.00490 | 1.04799 | 1.40981| 1.9920k| 2.43914 | 2.81614 | 3.14833

1.00493 | 1.04832] 1.41165 1.99540| 2.44351| 2.82133| 3.15422
1.00495 | 1.04852 | 1.41272] 1.997331 2.44602| 2.82431 ] 3.15760

1.00497 | 1.,04863 | 1.41334 | 1.9984kL| 2.4474hT| 2.82603| 3.15956
1.00495 | 1.04870| 1.41370| 1.99909( 2.44831 | 2.82702| 3.16069

1.00499 | 1.04881 | 1l.41421| 2.00000| 2.4404g | 2.82840 | 3.16228

I

U=\
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Figure 1l.- Linearized supersonic flow past an arbitrary boundary.
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Figure 2.- The functions ¢ and ¥ versus x for several values of Kj;
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Figure 3.~ Height of a boundary ghen the pgessure on the boundary is
constant, ps; (Me”™ - 1)/(Mg~ - 1) = 2.
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Figure L.- Pressure distribution gn a biconvex airfoil versus several
values of L/K; (M© - 1)/(M¢° - 1) = 2.
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Figure 5.- Density distribution on a biconvex airfoil versus several

values of L/K; (Méz - l)/(Mf2 - 1) = 2 and Mr = \/10.

NASA-Langley, 1961  A~515



-



